Properties of two identical particles of mass m and a distinct particle of mass m 1 in the universal low-energy limit of zero-range two-body interaction are studied in different sectors of total angular momentum L and parity P . For the unambiguous formulation of the problem in the interval 
I. INTRODUCTION.

Motivation
In the present time, properties of multi-component ultra-cold quantum gases are on demand experimentally [1] and theoretically [2] [3] [4] [5] [6] [7] [8] . Different aspects of few-body dynamics in two-species mixtures has attracted much attention.
At low energy the dependence on potential form is disappear, therefore, zero-range model (ZRM) is a good approximation for such systems. There are many advantages of using ZRM.
First at all, the only parameter of the interaction, namely, the two-body scattering length a, can be taken as a scale, (or scale a → ∞) that lead to parameterless description of the twobody problem. Then, for three-and more-body problem, one expects the few-parameter or even the parameterless description of the essential dynamical features of such systems. The usage of ZRM allows one to obtain simple and even exact solutions or reduce the calculation problems with increasing a number of particle in system, obtain the predictions of new effects and make some proposals for the future study most interesting one theoretically or experimentally. Moreover, model provides full description within limited class and allows to calculate universal constants (such as energies of the bound states, scattering characteristics, critical parameters of the system and so one).
Problem
The present paper is devoted to one of the principal issue, the study of few two-species particles, namely, two identical particles (bosons or fermions) of mass m interacting with a distinct particle of mass m 1 in the s-wave. In the universal low-energy limit, the interaction between two identical fermions is forbidden in the s-wave and is strongly suppressed between two heavy bosons in the states of L > 0, so that explain why one neglect the interaction of identical particles. To obtain the universal (independent of the particular form of the interaction) description of the system, the two-body interaction is taken in the framework of the ZRM. Then, by using proper units, one could expect formally the one-parameter m/m 1 -dependence of the few-body properties.
Former results
One of the main features of this three-body problem (namely, two identical fermions and a distinct particle) is a principal role of the states with unit total angular momentum and negative parity L P = 1 − in the low-energy processes [9] [10] [11] . As it was already pointed out, there are three regions of the mass ratios, m/m 1 < µ r , µ r < m/m 1 ≤ µ c , and m/m 1 > µ c , where µ c ≈ 13.607, µ r ≈ 8.619. In the first region, formal three-body Hamiltonian is selfconsistent and there is zero and one bound state for m/m 1 < 8.17 and 8.17 ≤ m/m 1 ≤ µ r , respectively [9] . For other two regions, the formal construction of the Hamiltonian does not obviously provide an unambiguous definition of the three-body problem; in particular, one is required an additional parameter, which determines the wave function in the vicinity of the triple-collision point (TCP). The third region, m/m 1 > µ c , is well-known Efimov one with an infinite number of the bound states [12] . The necessity of correct formulation of the threebody problem for the second region, µ r < m/m 1 ≤ µ c , was indicated in both physical [13] [14] [15] and mathematical [16] [17] [18] [19] [20] [21] [22] papers. As was done in [11] , a one-parameter family of self-adjoint
Hamiltonians was defined by introducing an additional three-body parameter b, which has a meaning of three-body scattering length. As a result, the properties of the energy spectrum of three-body system with two identical fermions for L P = 1 − sector is studied in dependence on the mass-ratio and parameter b, whereas the scattering properties was investigated in dependence on the mass-ratio for particular case of the three-body parameter b = 0 [9, 10] .
Despite this, one have to extend the problem for the arbitrary L P sector of angular momentum L and parity P and to consider simultaneously the system with two identical bosons and a distinct particle. As it is already known, the bound states can be found only for odd L and P if identical particles are fermions and for even L and P if identical particles are bosons. Such systems will be considered below. As in L P = 1 − sector, there are three regions of the mass ratios, m/m 1 ≤ µ r (L P ), µ r (L P ) < m/m 1 ≤ µ c (L P ), and
, where values µ r (L P ) and µ c (L P ) are presented in Table I . As follows from the analyses of the wave function in the vicinity of the TCP [10, 11, 13, 15] , the problem of the correct formulation exists and has been done for mass ratio values µ r (L P ) < m/m 1 ≤ µ c (L P ). Until now, in a number of reliable investigations of three two-component particles (for m/m 1 ≤ µ c (L P )) [9, 10, [23] [24] [25] it was explicitly or implicitly assumed the fastest decrease of the wave function near the TCP, i.e., that correspond to b = 0.
Goal
The main aim of this paper is to formulate the three-body problem in the mass-ratio
in an arbitrary L P sector (more exactly, for odd L and P if identical particles are fermions and for even L and P if identical particles are bosons)
by introducing the additional parameter b as it was done in [11] for L P = 1 − sector. In such way, one has to construct a family of self-adjoint Hamiltonians, which depends on one parameter b, describing the solution behaviour at the TCP. Then one need to calculate the energy spectrum in an arbitrary L P sector as a function of m/m 1 and a set of three-body parameters {b L }.
Consider a three-body problem for particle 1 of mass m 1 interacting with two identical particles 2 and 3 of mass m 2 = m 3 = m via the zero-range potential, which is completely described by the scattering length a. In the center-of-mass frame, define the scaled Jacobi The three-body wave function is a solution of
where the boundary conditions (1.2) with r = |r 1 − r i | and i = 2, 3 represent the zerorange potential in both pairs of distinct particles. The Hamiltonian is formally defined by
Eqs. (1.1), (1.2) and depends only on the mass ratio m/m 1 . The wave function is symmetrical or anti-symmetrical under permutation of identical particles P 23 , satisfying the condition
where S = −1 (S = 1) indicates that particles 2 and 3 are fermions (bosons). Total angular momentum L, its projection M, parity P , and index of permutational symmetry S are conserved quantum numbers, which will be used to label the solutions. Only the states of parity P = (−) L , i. e., for P and L odd or even simultaneously, need to be considered, as the states of opposite parity correspond to three non-interacting particles for the zerorange potential. As the system's properties are independent of M, a complete description of the three-body problem, e. g., energy levels, will be given by the formal one-parameter Hamiltonian depending on m/m 1 in different {S, L} sectors.
A. Hyper-radial equations
Let us define a hyper-radius ρ and hyper-angular variables {α,x,ŷ} by x = ρ cos α, y = ρ sin α,x = x/x, andŷ = y/y. To produce a convenient basis for expansion of the total wave function defined by Eqs. (1.1), (1.2), introduce an auxiliary eigenvalue problem on a hyper-sphere (for fixed parameter ρ) [26] , 5) along with the symmetry condition (1.3) for Φ(α,x,ŷ; ρ). Its square-integrable solutions form an infinite set of functions Φ n (α,x,ŷ; ρ) enumerated by index 1 ≤ n < ∞ in ascending order of the corresponding eigenvalues γ 2 n (ρ). Besides fermionic (bosonic) symmetry, the functions Φ(α,x,ŷ; ρ) inherit all the conserved quantum numbers of the total wave function. Solution of (1.4), (1.5) satisfying (1.3) will be found in the form [9, 11, 23] 6) where Y LM (ŷ) is the spherical function. The action of P 23 in terms of the Jacobi variables is given by
where ω is related to the mass ratio by sin ω = 1/(1 + m 1 /m). To impose the boundary condition (1.5), one takes the limit x → 0 in Eq. (1.7) and finds P 23 α → ω and
As a result, one comes to the eigenvalue problem
Solution of (1.8) and (1.9a) is discussed in Appendix A. The boundary condition (1.9b), along with (A2), (A5), and (A6), gives the transcendental equation
determining ρ sgn(a) as an even single-valued function of γ. The inverse function is multivalued, which different branches form a set of eigenvalues γ 2 n (ρ) and, accordingly, a set of ϕ n (ρ) and Φ n (α,x,ŷ; ρ). In particular, the transcendental equation takes the well-known
Expansion of the total wave function [26] , 12) leads to a system of hyper-radial equations (HREs) for the channel functions f n (ρ),
Here the diagonal terms
play a role of the effective channel potentials, the coupling terms are defined as Q nm (ρ) = Φ n ∂Φ m ∂ρ and P nm (ρ) = ∂Φ n ∂ρ ∂Φ m ∂ρ , and the notation ·|· means integration over the invariant volume on a hypersphere sin 2 2α dα dxdŷ. For the zero-range interaction, suitable analytical expressions via γ 2 n (ρ) and their derivatives are derived [9, 27, 28] ,
For correct definition of the three-body problem and solution of a system of HREs (1.13), one should analyze the eigenvalues γ 2 n (ρ) and matrix elements P nm (ρ) and Q nm (ρ), especially, near TCP (in the limit ρ → 0) and in the asymptotic region ρ → ∞.
L , i. e., for odd (even) L if identical particles are fermions (bosons), firstly, one should describe the solution of (1.10) if γ tends to any integer. For γ ≤ L + 1 or γ → L + 2n − 1 (n ≥ 1), the solution remains continuous, nevertheless, a special care is needed to take properly these limits, especially, in numerical calculations. In details, continuity at γ ≤ L + 1 follows from Eq. (A3). In other cases, |ρ| tends to ∞ for γ → L + 2n
(n ≥ 1). As a result, with increasing ρ sgn(a) from −∞ to ∞, all the solutions of (1.10)
2 and tends to −∞ as γ
). An important conclusion is that only the lowest effective channel potential V 1 (ρ) features attraction, whereas the dominant term γ 2 n (ρ)/ρ 2 manifests that the upper effective potentials V n (ρ) (n ≥ 2) are repulsive.
Moreover, for S = −(−) L , i. e., for even (odd) L if identical particles are fermions (bosons), one finds that γ 2 n (ρ)/ρ 2 ≥ −1 (n ≥ 1) for any mass ratio, i. e., the effective potentials in HREs exceed the two-body threshold E th = −ε 12 = −1, which prohibits the three-body bound states. Hence, it is sufficient to take only S = (−) L in the study of the three-body bound states.
Analysis of the wave function near TCP needs a special care as the channel potentials in a system of HRE V n (ρ) are singular for ρ → 0. In fact, as follows from the described above properties of the eigenvalues and coupling terms, it is necessary to consider only the lowest channel potential V 1 (ρ). Its singularity is determined by the leading-order terms of the expansion γ
, where the notationsγ ≡ γ 1 (0) and q ≡ dγ explicit equations for µ c , µ e , and µ r (in terms of corresponding ω c , ω e , and ω r ) are obtained by simplification of Eq. (1.10) and using Eq. (A3)
A list of µ r , µ e , and µ c for L = 0, 10 is given in Table I .
In the opposite case S = (−) L+1 , i. e., for even (odd) L > 0 if identical particles are fermions (bosons),γ 2 monotonically increases from (L + 1) 2 to (L + 2) 2 with increasing 0 < m/m 1 < ∞, while for fermions in the L = 0 stateγ 2 monotonically increases from 4 to
16.
It is not surprising that the parameterγ, which essentially determines the solution for ρ → 0, naturally appears in papers [17] [18] [19] [20] [21] [29] [30] [31] [32] treating the problem by means of the momentum-space integral equation. Within the framework of this approach, the equation
where P L (x) is the Legendre polynomial. Evaluation of the inner integral and change of and P nm = O(ρ −4 ) for all n, m, except the lowest-channel couplings for a > 0, which are
. Thus, the asymptotic form of the channel potentials is
except of the lowest one for a > 0, which is given by
II. BOUNDARY CONDITIONS FOR GENERALIZED COULOMB PROBLEM
For the generalized Coulomb problem the effective potential contain two singular terms
at small ρ. There are two solutions at ρ → 0, which leading order terms are ∼ ρ 1/2±γ .
is the only square-integrable solution for ρ → 0 (the appropriate boundary condition f (ρ) → 0). In contrast, forγ 2 < 1 both solutions ∼ ρ 1/2±γ at ρ → 0 are square-integrable. Therefore, for unambiguous formulation of the three-body problem near ρ → 0 it is necessary to fix the linear combination of these solutions in f (ρ), which requires the additional three-body parameter. Ifγ 2 < 0 there is an Efimov situation, namely, both square-integrable solutions at ρ → 0 are oscillating. And it is already known that the additional three-body regularizational parameter (called the Efimov parameter) is needed to fix the wave function in the TCP that results in energy spectrum exponentially depending on the level's number E = −e − 2π |γ| n [33] . Furthermore, one should consider the remaining case 0 ≤γ 2 < 1. As follow from Eq. (2.1), on the interval 1/2 <γ < 1 (µ r > m/m 1 > µ e ) one has to take into account also the next to leading order term in the second square-
, because it is of the same order as the first square-integrable solution ∼ ρ 1/2+γ . As a result, denoting the additional three-body parameter via b, the three-body boundary condition for the channel function f (ρ) read as
for allγ except forγ = 1/2. The last term in the square brackets (∼ qρ) is necessary only for 1/2 <γ < 1 and can be omitted for 0 <γ < 1/2. In the limitγ → 0, the boundary condition (2.2) takes a simple form
where only b > 0 is allowed. In the specific caseγ = 1/2 there are two square-integrable solutions at ρ → 0, namely, ρ and 1 + qρ log ρ. The boundary condition reads
It is suitable to write the three-body boundary conditions in the alternative form, viz., in terms of the derivative of the function f (ρ). The boundary condition for 0 ≤γ
which is equivalent to Eq. (2.2). In the limitγ → 0 the boundary condition, which is equivalent to Eq. (2.3), takes the form
where only b > 0 is allowed. In the specific case ofγ = 1/2 the boundary condition
is equivalent to Eq. (2.4). Notice that the boundary condition forγ = 0 determined by Eq. (2.2) or Eq. (2.6) is similar to that for the 2D zero-range model [28] , whereas for γ = 1/2 the boundary condition of the form (2.4) or (2.7) is similar to that for a sum of the zero-range and Coulomb potentials as in [34] . Usage ln(|q|ρ) instead of ln ρ in (2.4) for γ = 1/2 simply means the redefinition of the parameter b onb = b/(1 + bq ln |q|), then it coincides with [35] .
The usage of the boundary conditions (2.2)-(2.4), or (2.5)-(2.7) with arbitrary threebody parameter b (with dimension of length) determine the general zero-range three-body potential. The relation of the general approach for zero-range three-body potential with particular examples of the shrinking three-body potentials is given in Appendix B.
III. SELF-AJOINT HAMILTONIAN
Singular terms in the HREs (1.13) for ρ → 0 shows that one should apply the analysis of Sec. II to formulate of the three-body boundary conditions. The wave function Ψ near the TCP (ρ → 0) is basically determined by the most singular terms in the effective potential in the first channel V 1 (ρ) (1.14), i. e., (γ 2 − 1/4)/ρ 2 + q/ρ and the corresponding channel function f 1 (ρ). In the following the general analyse of Sec. II will be applied to the first channel f (ρ) ≡ f 1 (ρ). Therefore, using the analysis of behavior ofγ and q as functions of mass ratios and using the way of regularization of the wave functions of Sec. II in dependence onγ, one comes to the conclusions. Remark that the boundary condition in [30] coincides with Eq. (2.2) or (2.5) if one omit the term ∼ q, that means that the boundary condition in [30] can be used only for 0 ≥γ ≥ 1/2. The three-body parameter b (R t in [36] ) and the three-body boundary condition was introduced also in paper [36] devoted to calculation of the third virial coefficient, where only positive value of b is taken into account and the term ∼ ρ −1 is not considered. For 0 ≤γ < 1/2 this term is of the principal importance. Generally, the three-body parameter b and the boundary condition can depend not only on L, but on it's projection M. Nevertheless, in real situation it doesn't seem probable.
It is of interest to write boundary conditions for the total wave function Ψ. Namely, as in [11] , the required expressions can be written as
if 0 <γ < 1/2 that equivalent to (2.2), (2.5). On the other hand, the boundary condition for 1/2 <γ < 1 becomes cumbersome due to necessity to keep in the expansion of Ψ for ρ → 0 also the term ∼ ρ −γ−1 , which includes an additional function of hyper-angles.
IV. BOUND-STATE ENERGIES
A. Infinite two-body scattering length
In the limit |a| → ∞, γ 2 n (ρ) in (1.10) do not dependent on ρ and all the terms Q nm (ρ) and P nm (ρ) vanish. Therefore, HREs (1.13) decouple and the three-body bound-state energies is a solution of one HRE, in which γ 2 (ρ) ≡γ 2 . For b > 0, there is one bound state whose
, where 
complimented by one of the boundary conditions (2.2), (2.3), and (2.4). Similar to [11] , the solution of generalised Coulomb problem leads to the eigenenergy equations 
where s = ±1 corresponds to b = 0 (s = +1) and b → ∞ (s = −1). In each case the index n ≥ 0 enumerating energy levels is limited either by the condition n > −sγ − 1/2 if a > 0 (q < 0) or n < −sγ − 1/2 if a < 0 (q > 0). The maximum value of n is restricted by 
(n ≥ 0) coincides with E (1) for a > 0 coincides in the limit m/m 1 → µ r (γ → 1).
Furthermore, in the case a > 0, the energy of the n th level (n ≥ 0) for any b ≤ 0 converges to E (0) 
n (0), and the upper level disappears at the threshold for some finite value b > 0. If the mass ratio tends to the next specific value m/m 1 → µ e (γ → 1/2), for any b all the energies converge to
n+1 (1/2) (n ≥ 0), and additionally the groundstate energy for m/m 1 > µ e tends to −∞ in the same limit. If the mass ratio tends to m/m 1 → µ r (γ → 1), for any b the energies converge to either E (∞) 1
n+2 (1) (n ≥ 0). In the case a < 0, for m/m 1 → µ r (γ → 1) the energies converge to E The mass-ratio dependence of the three-body energies for angular momentum L ≤ 5 
D. Critical conditions
Dependence of the number of bound states on the mass ratio and the three-body parameter
For better illustration of the energy spectrum it is useful to construct the "Phase Dia- for the two-body scattering length a > 0 and at the three-body threshold E = 0 for a < 0.
Existence of bound states at the threshold energy follows from the power decay of the channel It is of interest to find if the described above scenario happens for the three-body problem in the mixed dimensions [38] [39] [40] , in the presence of spin-orbit interaction [41] [42] [43] and on the lattice. The disclosed dependence on the three-body parameter should be taken into account to study of many-body properties as well, e.g., in the four-body (3 + 1) [44] and (2 + 2) [45] problems. Up to now there are calculations, which show that the critical value of the mass ratio, above which the spectrum is not bounded below, are m/m 1 ≈ 13.607 [12] Concerning the four-body (2 + 2) problem of two fermions of one species interacting with two fermions of another species, one should mention that spectrum is bounded below, as stated in papers [45, 50] , and the proof of this statement for mass ratio in the interval [0.58, 1.73] is given in [49] . For N identical fermions interacting with a distinct particle the spectrum is bounded below for m/m 1 < (0.36) −1 ≈ 2.778 [46] . There is another estimate in papers [20, 22] 
has been used in [32, 53] . In fact, it is a finite sum, which can be written as
In the limit γ → n Eq. (A2) reduces
via the Chebyshev polynomial U n (x), while for γ = 1/2 Eq. (A2) simplifies to
To derive the transcendental equation of the form (1.10), one should use both ϕ L (α, ρ) and its derivative for α = π/2,
Alternatively, one can use the recurrent relations for the Legendre functions [52] to express
where
satisfy the recurrent relations, which start from 
where u i are defined as 
where Fig. 1(a) . In a similar way, q(m/m 1 ) up to an order O((L + 1/2) −2 ) is a square-root dependence presented in Fig. 1(a) as
≈ 0.641425. Accuracy of (A13) is about 10
for L = 5 and 4 · 10 −5 for L = 10.
Appendix B: Zero-range limit of the three-body potential
In relation with the discussion in Sec II, it is of interest to analyse zero-range model in the presence of general centrifugal and Coulomb interaction, namely, to consider the Schrödinger
in the limit ρ 0 → 0. In this limit, a shape of the short-range potential V (x) becomes insignificant and one comes to one-parameter description of solutions. As in Sec. II, it is natural to use the generalized scattering length b defined by Eqs. (2.2)-(2.4) as a parameter.
One expect that for any dependence λ(ρ 0 ) the GSL b is determined by the limit In the limit γ = 0, only possible positive values of b are determined by
In the special case γ = 1/2, λ c , which correspond to existence of the bound or virtual state at zero energy. Any values of 0 < |b| < ∞ is determined by the dependence λ(ρ 0 ) in the vicinity of λ c . In other words, for finite (infinite) b, the dependence on the potential range should be of the form
where γ = 1/2; the term proportional to qρ 0 can be omitted for 0 < γ < 1/2. In the limit γ → 0, Eq. (B5) reduces to
In the special case γ = 1/2,
One should underline that limit λ → λ c , mentioned in literature as "resonance" condition, corresponds not only to b → ∞, rather to b = 0.
Lennard-Jones and similar potentials
For an illustration of the above general considerations, one can use in Eq. (B1) a class of Lennard-Jones LJ (m, n) potentials of the form V (x) = [x −m − x −n ], which is common for the inter-atomic interactions and applied to the three-fermion problem in [13] .
In particular, the analytical zero-energy solution of (B1) can be obtained if q = 0 for LJ (2n + 2, n + 2) potentials with restriction n > 2, namely,
where Φ(a, b; z) is the confluent hyper-geometric function and the coefficient .
The scattering length (B10) for the particular case γ = 1/2 coincides with [54, 55] . For 1/2 < γ < 1 the term proportional to q has to be taken into account, unfortunately, simple Analytical solution at zero energy for γ = l +1/2, where l = 0, 1, 2, ..., is known for potentials of Lennard-Jones type (2n + 2, n + 2) with additional parameterρ that fix logarithmic derivative of inner part of the wave function [56] . Procedure to calculate the scattering length was obtained for LG (12, {4, 6, 7}) (γ = 1/2) in [57] , application of LG (2n + 2, n + 2) potentials (γ = l + 1/2, l = 0, 1, 2, ...) was given in [58] to calculate Na-Na scattering s-and d-wave cross sections. Analytical solution at zero energy is known also for Lenz potentials (γ = l + 1/2, l = 0, 1, 2, ...) [56] , potentials of polynomial, exponential type, Morse potential (γ = 1/2) [55] .
Square-well potential
The simple example is the potential defined as the square well
The function f (ρ) = sin κρ (κ ≈ 
